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Discriminants of Toric Varieties
Roberto Mun˜oz and A´lvaro Nolla de Celis
Abstract. We study the subvariety of singular sections, the discriminant,
of a base point free linear system |L| on a smooth toric variety X. On one
hand we describe pairs (X,L) for which the discriminant is of low dimension.
Precisely, we collect some bounds on this dimension and classify those pairs
whose dimension differs the bound less than or equal to two. On the other
hand we study the degree of the discriminant for some relevant families on
polarized toric varieties, describing their minimal values and the region of the
ample cone where this minimal is attained.
1. Introduction
Let X be a smooth irreducible complex projective variety of dimension n and
L a line bundle on X . The discriminant D(X,L) (just D when X and L are clear
from the context) of the corresponding linear system |L| is defined as the subvariety
of the projective space |L| of its singular elements:
D(X,L) = {H ∈ |L| : H is singular} ⊆ |L|
When L is very ample the discriminant is classically known as the dual variety
of the linearly normal embedded variety X ⊆ |L|∨. And when |L| is just base
point free, by Bertini Theorem, the discriminant D ⊂ |L| is a subvariety of |L| of
positive codimension. Two main invariants of D ⊆ |L| have been classically studied:
codimension and degree, especially in the case L very ample, see [13] and references
therein, but also in more general contexts, like L ample and base point free, [10]
or just base point free [9].
The main ingredient in the study of degree and codimension of discriminant
varieties is the set of Chern classes of the so called first jet bundle J1(L) of L,
which encodes some first order infinitesimal information of the linear system. The
vanishing of its Chern class of order n is related with the fact that the codimension
of the discriminant is bigger than one, and the degree with respect to L of the
maximal order non-zero Chern class is related with the degree of its discriminant
(see Lemma 2.1).
When X is a toric variety, that is, when it contains an open Zariski subset
isomorphic to a torus C∗n such that the action of the torus extends to an action on
X , the presence of the generalized Euler sequence (see (4) in Section 2.2) leads to
explicit formulae for the Chern classes of the first jet bundle of a line bundle L. In
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particular, one can use these formulae to study when the Chern classes vanish or
to bound their degree in order to face questions of classification of pairs (X,L), X
toric, L globally generated line bundle, such that the dimension of the discriminant
is small, or its degree is low.
In relation with the first question, the classification of (X,L) whose discrimi-
nant has small dimension, when L is very ample Di Rocco has shown in [5] that
if the discriminant is not a hypersurface then X is a decomposable (that is, the
associated vector bundle is a sum of line bundles) projective bundle over a smooth
toric variety. Our first goal in this paper is to study this question when L is just
globally generated, see Problem 1. The main idea in Di Rocco’s proof is to use the
particular geometry of X ⊂ |L|∨, which is fibered in toric varieties of Picard num-
ber one, finally projective spaces. The case in which L is just globally generated is
different because the differential of the map φL defined by L is not necessarily of
maximal rank at any point, so that not all the first order infinitesimal information
of the linear system |L| can be studied in the image of X by φL. On one hand, the
dual variety of φL(X) ⊆ |L|∨ is contained in the discriminant of (X,L) and, on the
other hand, some extra singular sections in |L| can appear due to droppings in the
rank of the differential of φL.
Putting together this information, certain bounds on the dimension of the dis-
criminant can be settled, see Lemma 4.1, and the question of classifying pairs (X,L)
reaching the bound appears. In fact, the codimension of D in |L| is smaller than
or equal to dimX + 1 and to dim |L| + 1, and we deal with the case in which
the bound is reached and the two subsequent cases. The description of the ge-
ometry of φL(X), see [6], and the particular behaviour of the linear sytems on
toric varieties allow us to precisely describe pairs (X,L), X smooth toric variety,
L globally generated such that k := dim |L| − 1− dimD is equal to n, n− 1, n− 2
or dim |L|, dim |L| − 1, dim |L| − 2 (see Lemma 4.2, Proposition 4.4 and Theorem
4.7). Mainly toric fibrations or scrolls appear, resembling in some sense, in these
extremal cases, the behaviour of the very ample case.
In relation with the second question, the classification of pairs (X,L) whose
discriminant has small degree, there exist classical results for L very ample, see [15,
Thm. 5.2], of classification up to degree three. When toric, they are the projective
space, some products of projective spaces, or some rank one projective bundles over
projective spaces, with particular choices of L (see Theorem 5.1). It sounds natural
to provide explicit formulae for the degree of the discriminant of this kind of toric
varieties, looking for examples of degree four and for general bounds for the degree
of their discriminants. In Section 3 we produce explicit formulae for some Chern
classes of the first jet bundle of these, as well as for other relevant examples. It is
of interest to remark that, when fixing X , we can consider the degrees of the Chern
classes of order n of the first jet bundle of the different line bundles over X as an
integer function whose domain is the nef cone ofX . We have shown, see Proposition
2.9, that when restricting to the ample cone, this function is lower bounded and
we give the explicit region where to find the minimal value. This fact allows us to
read the explicit formulae of the particular examples showing the cases in which
the degree of the discriminant is 4 (see Propositions 5.2 and 5.3). As a further
illustration, we used the software Macaulay2 [7] to study in detail two families of
examples: rank one projective bundles over Hirzebruch surfaces and smooth Fano
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threefolds, presenting the lowest values of the degrees of their dual varieties (see
Example 3.6, Propositions 5.4 and 5.5 and Figure 2).
Acknowledgments. We would like to thank Javier Pello who suggested us a proof
of formula (3).
2. Preliminaries
2.1. Generalities. Let X be a smooth projective variety of dimension n and
L a line bundle on X . Throughout the paper variety will mean irreducible and
reduced, and the base field is C. As said in the introduction, the discriminant
D(X,L) of the corresponding linear system |L| is defined as the subvariety of the
projective space |L| of its singular elements. For x ∈ X we will denote by |L − x|
the sublinear system of elements in |L| passing through x and by |L − 2x| those
which are singular at x. Let us define the discriminant defect k(X,L) (just k when
X and L are clear from the context) as
k(X,L) = dim |L| − 1− dimD(X,L),
which, as said before, is non-negative when L is base point free, by Bertini Theorem.
The possible positivity k > 0 is reflected in the vanishing of some Chern class
of the so called first jet bundle J1(L) of (X,L), see [9, Lem. 03]. In fact, when
k > 0, the codimension of the discriminant is bigger than one so that it is possible
to choose a line ℓ in |L| not meeting D. The first jets of the elements of this line
provide a exact sequence of this type:
0→ O⊕2X → J1(L)→ Q→ 0,
where Q is a vector bundle (here the smoothness of any element in ℓ is used) of
rank equal to n− 1. This is showing that cn(J1(L)) = 0.
If on the contrary D is a hypersurface, then any line ℓ ⊂ |L| is meeting D.
Suppose that for any H ∈ ℓ ∩ D its singular locus is zero dimensional, then the
degeneration locus of the map O⊕2X → J1(L) (a zero dimensional scheme) defined
as before is representing the Chern class cn(J1(L)), [10, Cor. 2.6]. We will identify
these zero cycles representing the n-th Chern classes with their degrees. This, see
[8], implies that in this case cn(J1(L)) is the sum of the Milnor numbers µH(x) of
the different singular points x of the divisors H ∈ ℓ ∩D.
We can summarize these known results in the following:
Lemma 2.1. Let X be a smooth projective variety of dimension n and L a base
point free line bundle on X. Denote by J1(L) the first jet bundle of (X,L).
(i) If k > 0 then cn(J1(L)) = 0.
(ii) If k = 0 and for a general line ℓ ⊂ |L| the singular locus of any H ∈ ℓ∩D
is zero dimensional then cn(J1(L)) = ΣµH(x) > 0, the sum running along
the singular points x of the sections H ∈ ℓ ∩ D and µH(x) standing for
the Milnor number of x.
In particular, when |L| is very ample and the dual variety X∨ ⊂ |L| is a hy-
persurface, since the general singularity of an element of D is shown to be ordinary
quadratic, then cn(J1(L)) is just the degree of the dual variety X
∨ ⊂ |L|. When
the dual variety is not a hypersurface, cn(J1(L)) = 0. Moreover, in this last case,
the defect k = dim |L| − 1− dim(X∨) is positive and the singular locus of the hy-
perplane section corresponding to any smooth point H ∈ X∨ is shown to be (also
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when X ⊂ PN is singular) a linear space of dimension k, see [13, Thm. 1.18], called
the contact locus of X and H . Hence, through a general point of X , there exists
a linear space of dimension k contained in X ⊂ |L|∨. Such property of X ⊂ |L|∨
is usually said as being ruled in linear spaces of dimension k. Then, considering
a general Pk in |L|, it is meeting the dual variety in a finite set of points, whose
singular locus for any of them is a linear space. This allow to compute the degree
of the dual variety in the following way:
Remark 2.2. ([2, Rmk. 1.6.11]) For X smooth projective variety, L a very
ample line bundle providing an embedding X ⊂ |L|∨, the degree of the dual variety
X∨ ⊂ |L| is cn−k(J1(L))Lk.
As said before, any projective variety X ⊂ PN whose dual is not a hypersurface
is ruled in Pk’s. Let us recall the following definition:
Definition 2.3. A smooth projective embedded variety X ⊂ PN is called
a scroll in Pn−m’s if X admits a smooth morphism π : X → Z onto a smooth
projective variety such that for all z ∈ Z, the fiber π−1(z) ⊂ PN is a linear Pn−m ⊂
PN .
Observe that if X = PZ(E) where Z is a smooth variety and E is a very ample
projective bundle of rank n − m, then the embedding of X in PN is a scroll in
Pn−m’s. Scrolls are a source of examples of positive defect varieties. For further
use we remark the following:
Remark 2.4. [13, Thm. 7.14],[11] If X ⊂ PN is a scroll in Pn−m’s then
dimX∨ = N − 1− k with k ≥ n− 2m.
The first jet vector bundle of (X,L) lies, by definition, in the following exact
sequence (ΩX stands for the dual of the tangent bundle to X):
(1) 0→ ΩX(L)→ J1(L)→ OX(L)→ 0
so that its top Chern class is:
(2) cn(J1(L)) =
n∑
k=0
(n+ 1− k)ck(ΩX)L
n−k
Remark 2.5. Consider M another line bundle on X . The exact sequence (1)
can be, on one hand, applied to L +M and, on the other, twisted by OX(M) to
get these two exact sequences:
0→ ΩX(L+M)→ J1(L+M)→ OX(L +M)→ 0
and
0→ ΩX(L +M)→ J1(L)⊗ OX(M)→ OX(L+M)→ 0
The Chern classes of the middle terms are equal:
(3) ci(J1(L +M)) = ci(J1(L)⊗ OX(M)) =
i∑
t=0
(
n+ 1− t
i− t
)
ct(J1(L))M
i−t
The following proposition will be useful to study the behaviour of cn(J1(L))
when L is moving in the nef cone of X .
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Proposition 2.6. Let X be a smooth projective variety of dimension n, L and
M two line bundles on X. Suppose that J1(L) is nef (this occurs, for instance,
when L is very ample) and M is globally generated. Then
cn(J1(L+M)) ≥ cn(J1(L))
Proof. In view of Remark 2.5 it is left to prove that
ck(J1(L))M
n−k ≥ 0 for any n− 1 ≥ k ≥ 0
Since OX(M) is globally generated then either is composite of a pencil, so that
M is the union of irreducible codimension one subvarieties, say M1+ · · ·+Ms and
M2 = 0, or |M | contains an irreducible divisor, say M1 ∈ |M |.
In the first case
cn−1(J1(L))M = cn−1(J1(L))M1 + · · ·+ cn−1(J1(L))Ms ≥ 0,
being J1(L) nef ([12, Thm. 8.2.1]), and ck(J1(L))M
n−k = 0 for k < n − 1, which
proves that cn(J1(L+M)) ≥ cn(J1(L)).
In the second case cn−1(J1(L))M = cn−1(J1(L))M1 ≥ 0 and we study the
restriction OM1(M). If there is a divisor in |M | not meeting M1 then M
2 = 0, and
the proof ends. Hence, we can suppose that all elements in |M | meet M1, so that
OM1(M) is globally generated by the restrictions of the global sections of OX(M).
Either it is composite of a pencil and then M21 is the union of effective codimension
2 irreducible subvarieties and M31 = 0 or there exists an irreducible element M11 in
OM1(M), and the argument above restarts.
2.2. Toric varieties. Let us focus on toric varieties.
Notation 2.7. Assume from now on that X is a smooth projective toric va-
riety associated to a fan ΣX , whose subset of one dimensional cones is Σ(1) =
{ρ1, . . . , ρm} and denote by Di the divisor corresponding to ρi. Consider |L| a
base point free linear system on X . Any divisor D ∈ |L| is linearly equivalent
to a non-negative integer combination of the divisors Di, see [3, (6.4.10)], that is,
D =
∑
i aiDi, ai ≥ 0.
The generalized Euler sequence of toric varieties
(4) 0→ ΩX → ⊕
m
i=1O(−Di)→ O
m−n → 0
is showing that the total Chern class c(ΩX) is just computed by the Di’s, that is
(5) c(ΩX) =
m∏
i=1
(1−Di)
This can be plugged in (2) to compute the top Chern class of J1(L).
We would like to face the problem of classification of discriminant defective
toric varieties, extending the results of classification of embedded toric varieties
whose dual is not a hypersurface, see [5], in the following context:
Problem 1. Classify (X,L) such that X is a smooth toric variety of dimension
n, L is a base point free line bundle onX of dim |L| = N , and k = N−1−dim(D) >
0, where D = D(X,L) stands for the discriminant of (X,L).
Moreover these varieties form a (strict) subset of those for which cn(J1(L))
vanishes. The question of its classification appears.
Problem 2. Classify (X,L) as in Problem 1 such that cn(J1(L)) = 0.
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The classification of [5] shows that when L is very ample, the only toric varieties
X ⊂ |L|∨ whose dual is not a hypersurface are decomposable projective bundles
over a smooth toric varieties Y , i.e., X = PY (L0⊕· · ·⊕Lm), for n > 2m, embedded
as scrolls in Pm’s. Formulae of cn(J1(L)) with L nef for projective bundles like these
when Y = Pn−m are given in Example 3.2.
As said before, to deal with these problems we need to understand, on one
hand the behaviour of the morphism φL and on the other hand the geometry
of the image φL(X) ⊆ |L|∨. Let us first describe how the map φL looks like,
cf. [3, Sect. 6.2]. The decomposition of D ∈ |L| as a linear combination of the
Di’s produces, via its Cartier Data, a lattice polytope PD and finally a normal
generalized fan ΣPD . Then, see [3, Thm. 6.2.8], the fan Σ defining X is a refinement
of ΣPD and the map φL defined by |L| is a toric morphism whose image is the
normal toric variety XΣPD = φL(X) associated to the fan ΣPD . In particular,
the fibers of φL : X → φL(X) = XΣPD are connected, being the associated map
between their lattices surjective, cf. [4, Prop. 2.1]. Moreover, the general fibers, in
fact all fibers over a point on the torus of the target, are smooth isomorphic toric
varieties. Finally, see [4, Prop. 2.7], every irreducible component of any fiber φ−1L (y),
y ∈ XΣPD is a smooth toric variety. Consider now the dual variety φL(X)
∨ ⊂ |L|,
which is contained in D. Therefore, when the defect is positive, the geometry of
φL(X) is special, because its dual variety is not a hypersurface. For instance, it is
ruled in linear spaces. It will be very useful the description of its geometry provided
in [6, Thm. 1.4] which we recall in (iii) of the following lemma. Let us summarize
all these facts:
Lemma 2.8. Let (X,L) be as in Problem 1 and φL : X → φL(X) ⊂ |L|∨ the
morphism defined by the linear system |L|. In these conditions:
(i) φL(X) is a normal toric variety and φL : X → φL(X) ⊂ |L| is a proper,
surjective, toric morphism of connected fibers;
(ii) φL(X) ⊂ |L|∨ is a positive defect variety of defect k′ = dim |L| − 1 −
dim(φL(X)
∨) ≥ k;
(iii) there exists a torus equivariant dominant rational map ϕ : φL(X)→ (C∗)c
such that the closure of each fiber is projectively equivalent to the join
of r + 1 non-defective toric varieties Xi ⊂ PNi , 0 ≤ i ≤ r such that
PNi ∩ PNj = ∅ when i 6= j, and k′ = r − c.
Besides the stated problems, it is also a natural question to classify embedded
projective toric varieties whose dual variety is of low degree, trying to extend in
this context the results of [15, Thm. 5.2], where the cases of degree of the dual
variety less than or equal to three are considered.
Since descriptions of the nef and ample cone, denoted Nef(X) and Amp(X), of
a smooth projective toric variety X are known, Proposition 2.6 allows us to study
the function
(6)
jcn : Nef(X) −→ Z
L 7→ jcn(L) = cn(J1(L))
sending any nef divisor L to the Chern class cn(J1(L)) of its first jet bundle. Recall,
see [3, Thm. 6.3.20], that the nef cone Nef(X) is rational polyhedral. This implies
the existence of a set minimal generators, that is, nef divisors L1, . . . , Lm such
that each nef divisor is a rational linear combination of the Li’s with non-negative
coefficients, and each Li is primitive and spans an edge of the cone.
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Proposition 2.9. Let X be a smooth projective toric variety of dimension
n and let L1, . . . , Lm be minimal generators of the nef cone Nef(X). Then the
restriction
jcn|Amp(X)∩Pic(X) : Amp(X) ∩ Pic(X)→ Z
of the function jcn defined above reachs its minimal value in the finite set:
A = {
m∑
i=1
λiLi : 0 ≤ λi ≤ 1} ∩ Amp(X) ∩ Pic(X)
Proof. As a consequence of the equivalence between ampleness and very am-
pleness of divisors on toric varieties (cf. [3, Thm. 6.1.15]) any divisor in Amp(X)∩
Pic(X) is in fact very ample, so that J1(L) is globally generated and hence nef.
Moreover, the equivalence on divisors between nefness and spannedness by global
sections (see [3, Thm. 6.3.12]) says that any divisor in Nef(X) ∩ Pic(X) is if fact
globally generated. Consider L ∈ Amp(X) ∩ Pic(X), that can be written as
L = p1L1 + · · ·+ pmLm
with pi ∈ Q, pi ≥ 0 for 1 ≤ i ≤ m. Now write
L = ⌊p1⌋L1 + · · ·+ ⌊pm⌋Lm + E
If E is ample, then E ∈ A and we conclude by Proposition 2.6 that cn(J1(L)) ≥
cn(J1(E)). If E is nef but not ample then there exists a curve C such that EC = 0.
Hence, LiC > 0 implies that the coefficient of Li in E is 0. But, since L is ample
there exists 1 ≤ i ≤ m such that LiC > 0 and ⌊pi⌋ 6= 0, otherwise LC = 0. Hence,
we can substitute E by E+Li and repeat the process in case E+Li is nef but not
ample, leading finally to a choice of E ample.
Proposition 2.6 reads particularly simple in the following situation:
Corollary 2.10. In the conditions above, if there exists an ample divisor L
on X such that any ample divisor L′ can be written as L′ = L +D with D a nef
divisor, then cn(J1(L)) ≤ cn(J1(L′)), that is, the minimal value of jcn is reached
at L.
In relation with our problems of classification of positive defect varieties or
varieties whose dual has low degree, one can study simultaneously all different line
bundles over a chosen X .
Corollary 2.11. In the conditions of Proposition 2.9, if
min{cn(J1(L)) : L ∈ A} 6= 0
and it is obtained in, say, Lmin, then for any embedding X ⊂ PN , the following
holds:
(i) the dual variety X∨ ⊂ PN∨ is a hypersurface, and
(ii) the degree of the dual variety deg(X∨) is greater than or equal to the
degree of the dual variety corresponding to the linearly normal embedding
X ⊂ |Lmin|∨.
Proof. The proof is just an application of Proposition 2.9 and of the fact that
the dual variety of a linear isomorphic projection of a projective variety X ⊂ PN is
the corresponding linear section of X∨ ⊂ PN∨, see [13, Thm. 1.21].
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3. A bunch of examples
The following examples are of interest:
Example 3.1 (Projective space). Let X = Pn be the projective space, easy
computations lead to
(7) cn(J1(O(m))) = (n+ 1)(m− 1)
n
It only vanishes when m = 1, for which the discriminant is empty.
Example 3.2 (Projective bundles over projective spaces). Let Σ be the fan
defining the projective bundle X = PPn−m(O ⊕ O(r1) ⊕ · · · ⊕ O(rm)), where 0 ≤
r1 ≤ · · · ≤ rm. Let s = min({m+1}∪{i : ri 6= 0}). The fan Σ ⊂ Rn = Rn−m×Rm
is defined by Σ(1) = {ρ0, . . . , ρn+1}, where the ρi’s are the following rays (see for
instance [3, Ex. 7.3.5]):

ρ0 = 〈((1, . . . , 0), (0, . . . , 0))〉
. . .
ρn−m−1 = 〈((0, . . . , 1), (0, . . . , 0))〉
ρn−m = 〈((−1, · · · ,−1), (r1, . . . , rm))〉
ρn−m+1 = 〈((0, . . . , 0), (1, . . . , 0))〉
. . .
ρn = 〈((0, . . . , 0), (0, . . . , 1))〉
ρn+1 = 〈((0, . . . , 0), (−1, . . . ,−1))〉
Denoting byDi the divisor associated to ρi, the following relations in the Picard
group appear:
D0 = · · · = Dn−m, Dn+1 = Dn−m+j + rjD0
and the nef cone of X is generated by D0 and Dn+1. Moreover, any nef line bundle
can be written as L = aD0 + bDn+1 for a, b non-negative integers. The Formula
(5) shows:
cl(ΩX) = (−1)
l
∑
0≤ı1<···<ıl≤n+1
Di1 . . . Dil ,
and in view of formula (2) we get:
(8) cn(J1(L)) =
n∑
l=1
(−1)l(n+ 1− l)(aD0 + bDn+1)
n−l(
∑
0≤ı1<···<ıl≤n+1
Di1 . . . Dil)
When b = 0, since D0 = π
∗(OPn−m(1)), where π : X → P
n−m is the morphism
defining the projective bundle structure, then the morphism defined by |L| = |aD0|
is just the composition of π with the a-Veronese embedding of Pn−m.
When a = 0, |L| = |bDn+1| defines the b-Veronese embedding of the cone whose
vertex is a linear Ps−1 over the embedding defined by O(1) of P(O(rs+1) ⊕ · · · ⊕
O(rm)).
When L is ample, i.e. a, b > 0, then it is very ample and the minimal value of
cn(J1(L)) is reached when a = b = 1 in formula (8) by Corollary 2.10.
Let us consider in detail some particular cases.
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• Contraction to the base. When L = aD0, i.e. b = 0, we get that
cn(J1(aD0)) =
n∑
l=0
(−1)l(n+ 1− l)(m+ 1)an−l
(
n−m+ 1
l −m
)
=
= (−1)m(m+ 1)(n−m+ 1)(a− 1)n−m
As |L| = |D0| gives the morphism defining the projective bundle structure, its
discriminant is empty, and cn(J1(D0)) = 0. For L = aD0, a > 1, the morphism
defined by |L| is just the composition of π with the a-Veronese embedding of Pn−m
so that cn(J1(L)) < 0 does not contradict Lemma 2.1, because the singular locus
of any singular element in |aD0| is of positive dimension. Moreover, as Example
3.1 shows, the degree of the dual variety of this Veronese variety va(P
n−m) ⊂ PM
is (n−m+ 1)(a− 1)n−1, which in fact appears as a factor in cn(J1(L)).
These examples are showing that:
Remark 3.3. There exist pairs (X,L) as in Lemma 2.1 such that cn(J1(L)) <
0, so that the general singular element of |L| is singular along a positive dimensional
subvariety.
• Products. In the particular case r1 = · · · = rm = 0 the variety X = Pn−m × Pm
is just the product of two linear spaces. Since the only non-zero intersection is
Dn−m0 D
m
n+1 = 1 one gets
cn(J1(L)) =
n∑
l=0
(−1)l(n+1− l)
n−l∑
j=0
(
n− l
j
)(
n−m+ 1
n−m− j
)(
m+ 1
l − n+m+ j
)
ajbn−l−j
Without loss of generality we can assume n−m ≥ m. Recall that for a = 1, b > 0
the linear system L = D0 + bDn+1 is providing an embedding of X as a scroll in
Pn−m’s, hence the defect is greater than or equal to n − 2m (see Remark 2.4). In
particular cn(J1(D0 + bDn+1)) = 0 when n > 2m and it is giving the degree of the
discriminant when n = 2m. In this last situation we get that the minimal value is
reached at b = 1:
c2m(J1(D0 +Dn+1)) =
(9) =
2m∑
l=0
(−1)l(2m+ 1− l)
2m−l∑
j=m−l
(
2m− l
j
)(
m+ 1
m− j
)(
m+ 1
l + j −m
)
= m+ 1
where the second equality can be proved by induction and the usual properties of
the combinatorial numbers.
These examples show that any possible value of cn(J1(L)) > 1 can be reached.
• Rank one. Let us consider the case m = 1.
cl(ΩX) =
((n
l
)
− r1
(
n
l − 1
))
Dl0 + 2
(
n
l − 1
)
Dl−10 Dn+1
Hence, in order to use Formula (2), we need to compute Ln−lDl0 for 0 ≤ l ≤ n− 1
and Ln−lDl−10 Dn+1 for 1 ≤ l ≤ n− 1. For the former we get:
Ln−lDl0 =
{
1
r
((a+ br1)
n−l − an−l) if r1 6= 0
(n− l)an−l−1b if r1 = 0
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and for the latter:
Ln−lDl−10 Dn+1 = (a+ br1)
n−l
Finally, using the following equalities of combinatorial numbers:
(n+ 1− l)
(
n
l
)
=
(
n
l
)
+ n
(
n− 1
l
)
, (n+ 1− l)
(
n
l − 1
)
= n
(
n− 1
l − 1
)
,
together with Formula (2) one gets the following expressions for cn(J1(L)):
For r1 = 0, where X is just the product P
n−1 × P1:
(10) cn(J1(L)) = n(a− 1)
n−2(2(a− 1)(b− 1) + ab(n− 1))
For r1 > 0:
(11) cn(J1(L)) =
1
r1
(
(a− 1 + br1)
n−1(a− 1 + br1 + an+ br1n− nr1)−
−(a− 1)n−1(a− 1 + an+ nr1)
)
-When a = 0, b > 0, and r1 = 0 we get cn(J1(L)) = −2n(−1)n−2(b − 1),
vanishing only when b = 1. Recall that here the morphism defined by |L| = |bDn+1|
is the projection to P1 composed with its b-Veronese embedding.
-When a = 0, b > 0, and r1 > 0 the morphism defined by |L| = |Dn+1| is the
contraction of the minimal section, for which the image is a cone of vertex a point
over a r-Veronese embedding of Pn−1 and |bDn+1| is defining a Veronese embedding
of this cone. Since any section of |L| which corresponds to a hyperplane through the
vertex is reducible (contains the minimal section) then D(X,L) is a hypersurface
and Lemma 2.1 does not apply. The formula for the Chern class is:
cn(J1(L)) =
1
r1
((−1 + br1)
n + (br1 − 1)(b− 1)nr1 − (−1)
n−1(−1 + r1n))
which can be shown to be bigger than 0 except at r1 = 3 = n, where it vanishes.
This example is showing that one cannot expect to have a reciprocal of Lemma
2.1.
Remark 3.4. There exist pairs (X,L) as in Lemma 2.1 such that cn(J1(L)) = 0
and D ⊂ |L| is a hypersurface.
In the rest of the cases, i. e., a > 0, b > 0, the line bundle L is very ample so that
cn(J1(L)) has to be bigger than or equal to zero, being the degree of X
∨ ⊂ |L| when
it is a hypersurface and zero when its codimension is bigger than one. Moreover,
in view of Corollary 2.10 the minimal value of cn(J1(L)) is reached for a = b = 1.
-When r1 > 0, a = b = 1 leads to cn(J1(L)) = r
n−2
1 (r1+n). The minimal value
is 3 when n = 2, r1 = 1:
(12) c2(J1(D0 +D3)) = 3
This corresponds to the embedding in P4 of the blowup of the plane at a point.
Moreover, the equalities c2(J1(D0 + D3)) = r1 + 2 for n = 2, and cn(J1(D0 +
Dn+1)) = 1+n for r1 = 1 provide another family of examples reaching any possible
value of cn(J1(L)) > 1.
-When r1 = 0, a = 1, b > 0 and n = 2, we get cn(J1(L)) = 2b. In this case
cn(J1(L)) is the degree of the dual variety of the Segre embedding of P
1×Cb, being
Cb ⊂ Pb the rational normal curve of degree b. For n > 2 we get cn(J1(L)) = 0
because |L| is defining an embedding of Pn−1 × P1 ⊂ |L|∨ as a scroll in Pn−1’s, for
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which the dual variety is not a hypersurface. In fact the degree of the dual variety
is computed as
c2(J1(L))L
n−2 = bn
In the particular case n = 3, b = 1 one gets
(13) c2(J1(D0 +D4)) = 3
-When r1 = 0, a > 1, b > 0, one can check that the minimal is reached for
n = 2, a = 2, b = 1, which is 4, and for the rest of the cases one gets cn(J1(L)) > 4.
• Rank two projective bundles of dimension three. Let us consider the case n = 3,
m = 2. We get that
(14) c3(J1(L)) = 2(b− 1)(2(r1 + r2)b(b− 1/2) + 3(a− 1)(b− 1) + 3ab)
Since the case r1 = r2 = 0 has been considered previously, assume r2 > 0.
- When b = 1, we get c3(J1(L)) = 0. If a = 0 = r1 then |D4| defines the
contraction of the family of minimal sections to a cone of vertex a line over the
r2-Veronese embedding of P
1, the discriminant here is not a hypersurface. If a = 0
and r1, r2 > 0 then |D4| defines the contraction of the minimal section to a cone
of vertex a point over a rational ruled surface (whose fibers are linearly embedded)
and the discriminant is not a hypersurface. If a ≥ 1 then |L| is very ample and
X ⊂ |L|∨ is a scroll in planes, hence the discriminant is not a hypersurface. In this
case, the degree of the dual variety is given by
(15) c2(J1(L))L = 3a+ r1 + r2
- When b > 1, a = 0, c3(J1(L)) = 2(b− 1)(2(r1 + r2)b(b− 1/2)− 3(b− 1)) > 0.
- When b > 1, a > 0 the line bundle L gives an embedding and c3(J1(L)) > 0
is computing the degree of the dual variety of the corresponding embedded 3-fold.
One can check that the minimal degree is computed in b = 2, a = 1, hence, the
extremal case is c3(J1(L)) = 2(6(r1 + r2) + 6), strict inequality in the rest of the
cases.
Example 3.5. If we consider the case m = 1 in the previous example and
refine the cone by means of the ray ρn+2 = (1, 0, . . . , 0,−1), the corresponding
toric variety X is the blow-up of the projective bundle in a hyperplane of the
minimal section. The line bundle L = D1 defines a morphism which contracts the
exceptional divisor and then projects the projective bundle onto the base. The
discriminant D(X,L) is then a point. Let us show the value of the top Chern class
of its first jet bundle. Recall that we have now that D1 = · · · = Dn−1 = D0+Dn+2
and Dn = Dn+1+Dn+2+ r1D1. The only non-zero intersection numbers involving
D1 are the following:
1 = Dn−11 Dn+1 = D
n−1
1 Dn = D0D
n−2
1 Dn = D0D
n−2
1 Dn+1 = D0D
n−2
1 Dn+2
Hence
(−1)lcl(ΩX)D
n−l
1 = 3
(
n− 1
l − 2
)
+ 2
(
n− 1
l − 1
)
Plugging this in formula (2) and using basic properties of combinatorial numbers
one gets:
cn(J1(L)) = (n− 1)(3
n∑
k=1
(−1)k
(
n− 2
k − 2
)
+ 2
n∑
k=1
(−1)k
(
n− 2
k − 1
)
)
which is one when n = 2 and vanishes when n > 2.
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Example 3.6 (Rank one projective bundles over Hirzebruch Surfaces). Con-
sider X = PP1(O ⊕ O(r)) defined, as above, by the fan with one-dimensional rays
ΣX(1) = {ρ′0 = (1, 0), ρ
′
1 = (−1, r), ρ
′
2 = (0, 1), ρ
′
3 = (0,−1)}. The nef cone of X
is generated by D′0 and D
′
3, and so any decomposable rank one projective bun-
dle Y over X can be expressed as either PX(O ⊕ O(sD
′
0 + tD
′
3)) with s, t ≥ 0, or
PX(O(sD
′
0)⊕ O(tD
′
3)) for some s, t > 0.
In any case the toric variety has 1-dimensional rays given by
ΣY (1) = {ρ0, ρ1, ρ2, ρ3, ρ4, ρ5}
where 

ρ0 =
{
〈(1, 0, s)〉 if X = PX(O⊕ O(sD′0 + tD
′
3)), s, t ≥ 0
〈(1, 0,−s)〉 if X = PX(O(sD′0)⊕ O(tD
′
3)), s, t > 0
ρ1 = 〈(−1, r, 0)〉,
ρ2 = 〈(0, 1, 0)〉,
ρ3 = 〈(0,−1, t)〉,
ρ4 = 〈(0, 0, 1)〉,
ρ5 = 〈(0, 0,−1)〉
which corresponds to the toric divisors D0, D1, D2, D3, D4 and D5. Moreover,
any nef line bundle can be written in the form L = aD0 + bD3 + cD5 in the case
Y0 = PX(O ⊕ O(sD′0 + tD
′
3)), and L = aD0 + bD3 + c(sD0 + D5) in the case
Y1 = PX(O(sD
′
0)⊕ O(tD
′
3)) for some integers a, b, c ≥ 0.
In this setup we obtain the following result.
Proposition 3.7. Let X = PP1(O⊕O(r)) be a Hirzebruch surface with r ≥ 0,
let Y be a decomposable rank two vector bundle on X and let L be a nef line bundle
on Y . Then c3(J1(L)) = 0 if and only if either L = D0, or r = 0 and L = D3, or
s = t = 0 and L = D5; or (Y, L) is one of the following cases:
X Y L
(a) PP1(O⊕ O(r)) PX(O⊕ O(sD
′
0 +D
′
3)), s ≥ 0 D0 +D5
(b) PX(O(D
′
0)⊕ O(D
′
3)), D0 +D5
(c) P1 × P1 PX(O⊕ O(D′0 + tD
′
3)), t ≥ 0 D3 +D5
(d) PX(O⊕ O(2D′0 + 2D
′
3)) D5
(e) PP1(O⊕ O(1)) X × P
1 D3 +D5
(f) PX(O⊕ O(D
′
0 + 2D
′
3)) D5
(g) PX(O⊕ O(3D′3)) D5
(h) PP1(O⊕ O(2)) PX(O⊕ O(2D
′
3)) D5
Proof. The list of cases shown above is obtained by inspection of the explicit
formulae of c3(J1(L)). First observe that in both cases, PX(O⊕O(sD′1+ tD
′
2)) and
PX(O(sD
′
1) ⊕ O(tD
′
2)), every nef divisor is a non-negative integer combination of
the generators of the nef cone so by Corollary 2.10 the minimal value for c3(J1(L))
for L ample is obtained when (a, b, c) = (1, 1, 1).
Let us start with the case Y0 = PX(O⊕ O(sD′1 + tD
′
2)), where we have that
(16) c3(J1(L)) = 4c
3rt2 + 12bc2rt+ 8c3st− 3c2rt2 + 12b2cr + 12bc2s+ 12ac2t−
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−6bcrt− 3c2rt− 6c2st+ 24abc− 6b2r − 6bcr − 6bcs− 6c2s− 6act−
−6c2t+ 2crt− 12ab− 12ac− 12bc+ 4br + 4cs+ 4ct+ 8a+ 8b+ 8c− 8
Then the minimum is rt2 +5rt+2st+4r+4s+4t+4 which is always greater
than zero. Then, it is left to check the vanishing of c3(J1(L)) at the walls a = 0,
b = 0 and c = 0 of the nef cone.
If a = 0 then c3(J1(L)) = (3c
2rt2 + 6bcrt+ 6b2r + 6bcs+ 8)(c− 1) + (3c2rt +
6bcr+6c2s)(b−1)+c2st(8c−6)+c2t(crt−6)+3bc(crt−4)+2crt+4br+4cs+4ct+8b
which may only be less than or equal to zero for c = 0, c = 1 or b = 0. If c = 0 then
b = 1 and we obtain the case r = 0 and L = D3. If c = 1 then the only possible
value for b is 1, so L = D3+D5, and the values for r are only 0 or 1. In the first one
we obtain the case (c) and in the second the case (e) in the table. Finally, if b = 0
then we must have c = 1, so L = D5. Now if r, s, t > 0 then the only possibility
happens to be r = s = 1 and t = 2 obtaining the case (f) in the table. If r = 0 but
s, t > 0 then s = t = 2 so we get the case (d). If now s = 0 but r, t > 0 then either
r = t = 2 getting the case (h) or r = 1, t = 3 getting the case (g). The remaining
case for the vanishing of c3(J1(L)) is obtained when s = t = 0 for any value of r.
If b = 0 (and a > 0) then c3(J1(L)) = (3c
2rt2 + 6c2st + 8)(c − 1) + (c2rt +
2c2s + 4ac)(ct − 3) + 2act(2c − 3) + 2c2t(2a − 3) + 2crt + 4cs + 4ct + 8a, so only
for c = 0 and c = 1 we may obtain the value zero. In the first case we must have
a = 1, so L = D0 for any value of r, s and t gives c3(J1(L)) = 0. For the case c = 1
we must have t = 1 but there is no restriction on r and s so we obtain the case (a)
in the table.
Finally if c = 0 (and a, b > 0) then c3(J1(L)) = −2br(3b − 2) − 2a(3b − 4) −
2b(3a− 4)− 8 which is always smaller than zero.
For the case PX(O(sD
′
1)⊕ O(tD
′
2)) we have that
(17) c3(J1(L)) = 4c
3rt2 + 12bc2rt+ 4c3st− 3c2rt2 + 12b2cr + 12bc2s+ 12ac2t−
−6bcrt− 3c2rt+ 24abc− 6b2r − 6bcr − 6bcs− 6c2s− 6act− 6c2t+
+2crt− 12ab− 12ac− 12bc+ 4br + 4cs+ 4ct+ 8a+ 8b+ 8c− 8
and following similar calculations as in the previous paragraphs, we obtain the
remaining case (b).
Observe that in cases (a), (c) and (e) the image φL(X) ⊂ |L|∨ is a smooth scroll
in planes, so that its dual variety is not a hypersurface. There are extra components
in the discriminant. In case (b), on the section corresponding to the first summand,
we get a map onto a (linear) P1, and on the second one we get a map onto a cone,
which is the contraction of the minimal section of X . Therefore φL(X) is ruled in
planes parametrized by a P1. In the rest of the cases the image φL(X) ⊂ |L|∨ is
a cone with vertex a point, hence the discriminant contains a hyperplane, and the
singular locus of the general element in the discriminant is positive dimensional.
4. Toric varieties with big defect
The defect is known to be bounded by the dimension of the variety and a
complete classification of the extremal cases can be applied to the case of toric
varieties. Moreover, similar bounds on the defect can be stated in terms of the
dimension on the linear system |L|. The following results are written in [9], let us
collect them conveniently for our purposes.
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Lemma 4.1. Let (X,L) be as in Problem 1 and let f be the maximal dimension
of a fiber F of φL. Then k ≤ min{n − f,N}. Moreover, if k = n − f then, for
any x, x′ ∈ F it holds that |L − 2x| = |L − 2x′| is a linear component of maximal
dimension of the discriminant D(X,L).
Proof. Since dimD(X,L) ≥ −1 then k ≤ N . For the other inequality observe
first that if f = 0 then L is ample, so that very ample, and φL is an embedding.
Hence k ≤ n, being the dimension of the general contact locus, a subvariety of
X . If f > 0 we have that that |L − x| = |L − F | for any x ∈ F . Hence, the
codimension of |L − 2x| in |L − x| is smaller than or equal to n − f , and then
dim |L−2x| ≥ N−1−(n−f). As |L−2x| ⊂ D(X,L) we get the expected inequality.
If equality of dimensions holds, that is, if k = n − f , then |L − 2x| is a linear
component of maximal dimension of D(X,L) and moreover, |L − 2x| = |L − 2x′|
for x′ ∈ F , as stated.
Let us comment the extremal cases.
Lemma 4.2. With the notation of Lemma 4.1 we get that k ≤ min{n,N}, and
moreover:
(i) If k = n then (X,L) = (Pn,O(1)).
(ii) If k = n − 1 then X = PPn−1(O ⊕ O(r1)) is a toric projective bundle of
rank one π : X → Pn−1 and L = π∗(O(1)).
(iii) If k = N then φL : X → P
N is a smooth toric surjective morphism of
connected fibers;
(iv) If k = N−1 then φL : X → PN is a surjective toric morphism of connected
fibers.
Proof. Statement (i) is just [9, Thm 1.5]. To prove (ii) we first consider n = 2
so that by [9, Thm. 2.2] either X is as in case (ii), or X = C × P1, genus of C
greater than or equal to one, which does not fit with X toric. For n ≥ 3 we use
similarly [9, Thm. 3.2, Thm. 4.1]. For (iii) just observe that dimD = −1 says that
D is empty and [9, Prop. 1.4] applies, hence φL : X → Pk is a smooth morphism;
we conclude by Lemma 2.8(i). In the last statement (iv) use Lemma 2.8(ii) to
get k′ ≥ k = N − 1 (the discriminant is either emtpy or zero dimensional), which
implies dim(φL(X)) = N , not being linear φL(X) ⊂ |L|
∨ if strictly contained.
Remark 4.3. Locally trivial toric fibrations over PN provide examples of (iii),
for instance projective bundles where, with the notation of Example 3.2, L = D0.
An example of (iv) is presented in Example 3.5. In fact, this is a general way to
produce pairs (X,L) with linear discriminant. Indeed, consider (X,L) as in (iii)
with fibers of positive dimension, N < n, and suppose that φL has sections. One
can take the image of a linear space T ⊂ Pk in the target via one of the sections of
φL. The blow up of X along this subvariety has a map to P
k defined by a linear
system whose only singular elements correspond to the linear space of hyperplane
sections of Pk passing through T .
A posible next situation to consider is k = n− 2 > 0.
Proposition 4.4. Let (X,L) be as in Problem 1, k = n − 2 > 0. If L is not
big then (X,L) is as described in (iii) and (iv) of Lemma 4.2.
Proof. By the previous Lemma we can assume that k = n− 2 ≤ N − 2, that
is n ≤ N . Then, φL(X) ⊂ |L|
∨ is a positive defect variety whose defect k′ satisfies
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k′ ≥ n−2 > 0. Moreover, since φL(X) ⊂ |L|∨ is not linear then dimφL(X) ≥ n−1,
in fact equal, not being L big, and so k′ = n− 2. By Lemma 2.8(iii), φL(X) ⊂ |L|∨
is a cone over a non-defective toric curve C with vertex V , a linear Pn−3. Since the
minimal linear space containing C, denoted 〈C〉, does not meet V then there exists
a rational map r : X → C defined as r(x) = 〈V, x〉 ∩ C. Consider now a general
hyperplane H containing V , which is meeting C in a finite set of points p1, . . . , pd,
d > 1 (recall that C is not a line). Then the corresponding element in |L|, called H
by abuse of notation, contains the union of the divisors r−1(pi) and consequently
it is reducible. Since dimφL(X) = n− 1 > 1, H is connected by Bertini Theorem
and finally singular. This contradicts k = n− 2.
Let us propose the following definition:
Definition 4.5. A smooth projective variety X is called a generalized scroll
over a line if there exists a pencil P of divisors and a base point free divisor L such
that dim |L| ≥ dimX and φL : X → |L|∨ is sending the general element D ∈ P
onto a linear space of dimension n− 1 inside |L|∨.
Observe that, if X is a generalized scroll over a line, then the image φL(X) ⊂
|L|∨ is ruled in Pn−1’s. The projective space Pn, n ≥ 2, is a generalized scroll over
a line just taking the pencil P of hyperplanes contained a fixed Pn−2 and L = O(1).
Example 4.6. This generalizes the notion of scroll in Pn−1’s over P1: if there
is such structure of scroll, say π : X → P1, embedded by |L|, then P = |π∗O(1)|.
If X is for instance the blow up of P2 in a point p and L is the pullback to X
of the hyperplane bundle on P2 then ΦL : X → P2 is sending any element in the
pencil P = |L− E| (E the exceptional divisor) to a line in P2 through p.
When k = n− 2 one expects to have linear spaces of dimension n− 2 through
a general point of φL(X) but, as in the very ample case, one gets linear spaces of
bigger dimension.
Theorem 4.7. Let (X,L) be as in Problem 1, k = n−2. If L is big then (X,L)
is a generalized scroll over a line.
Proof. Since L is big, then dimφL(X) = n and φL is birational, because all
the fibers are connected. If dim |L| = n then φL(X) = Pn and we have an structure
of generalized scroll over a line. Assume in the sequel that dim |L| > n. Thus,
k′ ≥ n− 2, see Lemma 2.8(ii).
If k′ = n − 1 then, by Lemma 2.8(iii), c = 0 and φL(X) is a cone over a non-
defective curve C (rational, being toric), whose vertex V is a linear Pn−2. This
provides a structure of generalized scroll over a line. In fact, consider the rational
map r : φL(X)→ C defined on a general point x ∈ φL(X) as r(x) = 〈V, x〉∩C and
the closure of its general fibers are linear spaces of dimension n− 1.
If k′ = n− 2 then, again by Lemma 2.8(iii), either c = 1 or c = 0. If c = 1 then
there exists a rational map ϕ : X → C∗ whose fibers are linear Pn−1’s. This gives
the structure of generalized scroll over a line. If c = 0 then φL(C) is of one of these
types:
Case I: a cone over a join of two toric non-defective curves, say C1 and C2 with
vertex V of dimension n− 4.
Case II: a cone over a toric non-defective surface S which vertex V of dimension
n− 3.
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Let us consider Case I. Since neither C1 nor C2 are lines and V , 〈C1〉 and 〈C2〉
are pairwise disjoint then, for any p1 ∈ C1 (resp. p2 ∈ C2), it holds that
(18) dim〈V, p1, C2〉 (resp. dim〈V, p2, C1〉) ≥ n
Consider a general point p1 ∈ C1. Since φL is birational, then so is it over the
general line in φL(X) through p1. The family of lines through p1 in φL(X) lifts to a
family of rational curves on X meeting φ−1L (p1). Hence, there exists an irreducible
component Fp1 of φ
−1
L (p1) such that the general line through p1 lifts to a rational
curve meeting Fp1 . It cannot hold that for general p, p
′ ∈ Fp1 , |L− 2p| = |L− 2p
′|,
unless Fp1 is a point. If |L− 2p| = |L− 2p
′| and dimFp1 ≥ 1, then the general line
in φL(X) through p1 is contained in the intersection of all the sections of |L− 2p|,
p ∈ Fp1 , which is a linear space of dimension less than or equal to n − dimFp1 .
This implies dim〈V, p1, C2〉 ≤ n−dimFp1 , contradicting the bound of formula (18).
Moreover, the same argument leads to dim〈V, p1, C2〉 = n when dimFp1 = 0. Let
us consider Dp1 the closure in D of the union of the linear spaces |L− 2p|, p ∈ Fp1
general. A count of dimensions says that dimDp1 = N − 1− n, when dimFp1 = 0
and dimDp1 ≥ N−1−(n−2), when dimFp1 > 0. As k
′ = n−2, this last inequality
shows that, when dimFp1 > 0, Dp1 is an irreducible component of D and that if
we repeat the construction with a general q1 ∈ C1 then
(19) Dp1 = Dq1
Take now x ∈ φL(X) general. Since φL(X) is a cone over the join of C1 and C2
with vertex V , then there exist p1 ∈ C1 and p2 ∈ C2 such that p ∈ 〈V, p1, p2〉 and,
by Terracini Lemma, the tangent space TφL(X),x to φL(X) at x is the linear span
〈V, TC1,p1 , TC2,p2〉. Therefore, any hyperplane H tangent to φL(X) at x is singular
along the linear space 〈V, p1, p2〉. This implies that the corresponding H ∈ |L| is
singular at some point of Fp1 , in particular H ∈ Dp1 constructed above. We can
do the same construction for any general x′ in the cone with vertex 〈V, p1〉 over
C2. Then, the closure in D of the union of these singular sections gives D
′
p1
of
codimension one in φL(X)
∨, that is, dimension dimD′p1 = N − n, and such that
D
′
p1
⊂ Dp1 ⊂ D. This excludes the case dimFp1 = 0 since dimDp1 = N − 1−n. If
dimFp1 > 0 then one can reproduce the construction of D
′
q1
for a general q1 ∈ C1.
By construction and equality (19), one has that D′q1 ⊂ Dq1 = Dp1 , and finally the
contradiction φL(X)
∨ ⊂ Dp1 .
Let us consider Case II. Take v ∈ V general and reproduce the construction
of Case I, that is, consider the component Fv meeting the lift of a general line
through v and Dv the closure in D of the union of |L − 2p|, p ∈ Fv general. If
dimFv = 0, i.e., Fv = p, or |L − 2p| = |L − 2p′| for p, p′ ∈ Fv general, then the
intersection of all the hyperplanes corresponding to sections in |L − 2p| is a linear
space of dimension less than or equal to n. Then any line trough v in φL(X) is
contained in such linear space, contradicting dim〈V, S〉 > n. We can then assume
further on that dimFv > 0 and that |L − 2p| 6= |L − 2p| for p, p′ ∈ Fv general.
Moreover, N − 1− (n− 2) ≥ dimDv ≥ N − 1− (n−dimFv) + 1, which implies the
equality and dimFv = 1. The family of lines in φL(X) through v is of dimension
n − 1 and it lifts to a family of dimension n − 2 of rational curves trough p. Any
element in |L − 2p| provides a hyperplane section of φL(X) trough v containing
the image of these rational curves. We then have a family of lines of dimension
n− 2 contained in the intersection of the hyperplanes corresponding to sections in
|L − 2p|, which is a linear space Pn−1p of dimension less than or equal to n − 1.
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These lines sweep out the whole linear space, which is then contained in φL(X),
that is, v ∈ Pn−1p ⊂ φL(X). Two different general points p 6= p
′ in Fv lead to
different linear spaces Pn−1p 6= P
n−1
p′ and then to a positive dimensional family of
linear spaces of dimension n − 1 on φL(X) which finally provides the structure of
generalized scroll over a line. Consider S′ a general section of φL(X) by n − 2
hyperplanes not containing V , which is then swept out by a one dimensional family
of lines. Since S′ is dominated by S, then S′ is rational. Since there is a line trough
a general point of S′, then it is ruled in lines. This finally provides a rational map
r : S → P1 such that the fibers are Pn−1, and then a structure of generalized scroll
over a line for φL(X).
Example 4.8. The different possibilities appearing in the proof of Theorem 4.7
are effective. Consider for instance a rank two projective bundle PP1(O ⊕ O(r1) ⊕
O(r2)), see Example 3.2. If r1 6= 0 then the contraction of the minimal section is pro-
viding a map onto a cone of vertex a point over the ruled surface PP1(O(r1)⊕O(r2)).
If r1 = 0 we get a morphism to a cone with vertex a line over a rational normal
curve of degree r2. If, in particular, r2 = 1, this is nothing but the contraction of
the exceptional divisor of the blow up of P3 along a line. Finally, with the notation
of Example 3.6 take X = PP1×P1(O(sD
′
0)⊕ O(tD
′
3)), with s, t > 0, the tautological
bundle L defines a map onto the join of two rational normal curves of degree s and
t. In this example c3(J1(L)) = 2(t(s − 1) + s(t − 1)), which only vanishes when
s = t = 1, that is, when φL(X) = P
3.
5. Low degree dual varieties
The degree of the dual variety of a smooth projective variety X ⊂ PN is a
classical invariant studied from different perspectives. If the embedding is degen-
erate, that is, there exists a linear space PM of dimension M < N containing X ,
the dual variety is a cone over the dual variety of X ⊂ PM , see [13, Thm. 1.23].
On the other hand, if X ⊂ PN is not linearly normal then its dual variety is the
corresponding linear section of the dual variety of the linearly nomal embedding
X ⊂ PM , M > N , cf. [13, Thm. 1.21]. These two remarks show that, in order to
study the degre of the dual variety of X ⊂ PN one can focus in non-degenerate and
linearly normal embeddings. Assuming this and taking the biduality (X∨∨ = X ,
see [13, Thm. 1.2]) into account, the dual variety cannot be linear and it is a quadric
if and only if X ⊂ PN is a smooth quadric. There exists a classification when the
degree of the dual variety is three, see [15, Thm. 5.2]. If X is toric, we can write:
Theorem 5.1. [15, Thm. 5.2] Let X ⊂ PN be a smooth, irreducible, non-
degenerate projective toric variety and L = OPN (1)|X . Assume moreover that the
embedding is linearly normal. If deg(X∨) ≤ 3 then (X,L) is one of the following:
(i) X = Pn, n = 1, 2, L = O(2), deg(X∨) = 2 if n = 1 and deg(X∨) = 3 if
n = 3, see (7).
(ii) X = Pn−m × Pm, n−m ≥ m, L = D0 +Dn+1 where

n = 2,m = 1, deg(X∨) = 2, see (3)
n = 4,m = 2, deg(X∨) = 3, see (3)
n = 3,m = 1, deg(X∨) = 3, see (13)
(iii) X = PP1(O⊕ O(1)), L = D0 +D3, deg(X
∨) = 3, see (12).
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The next case to consider is then deg(X∨) = 4. For this purpose one can read
the computations of the examples in Section 3 in terms of the degree of the dual
variety. Starting with the caseX = Pn, see (7), the only possibility of having degree
4 is n = 4, m = 2.
By inspection of formulae (10) and (11) one gets the following:
Proposition 5.2. Consider X = PPn−1(O ⊕ O(r1)) as in Example 3.2, L =
aD0 + bD3 a very ample line bundle on X defining a linearly normal embedding
X ⊂ |L|∨ = PN . Let d be the degree of X∨ ⊂ PN∨. Then d = 4 if and only if one
of the following holds:
(i) n = 2, r1 = 2, (a, b) = (1, 1);
(ii) n = 2, r1 = 0, (a, b) = (2, 1) or (1, 2);
(iii) n = 3, r1 = 1, (a, b) = (1, 1);
(iv) n = 4, r1 = 0, (a, b) = (1, 1).
By inspection of formulae (14) and (15), we have:
Proposition 5.3. Consider X = PP1(O ⊕ O(r1) ⊕ O(r2)) with 0 ≤ r1 ≤ r2,
and let L be a very ample line bundle on X defining a linearly normal embedding
X ⊂ PN . With the notations of the previous proposition, it holds that d = 4 if and
only if r1 = 0, r2 = 1 and a = b = 1.
By inspection of formulae (16) and (17), we get:
Proposition 5.4. Let X = PP1(O ⊕ O(r)) be a Hirzebruch surface and let Y
be a decomposable line bundle on X as in Example 3.6. Let L be a very ample
line bundle on Y defining a linearly normal embedding Y ⊂ PN . Then, with the
notation above, d = 4 if and only if r = s = t = 0, a = b = 1.
We have also computed the minimal degree d of the dual variety for all of
the smooth Fano toric 3-folds, classified in [1], [14] (see Figure 2), obtaining the
following results for low degrees:
Proposition 5.5. Let X be a smooth toric Fano 3-fold and let L be a very
ample line bundle on X defining an embedding X ⊂ Pn. Then, either d = 3 and X
is the case recalled in (iii) of Proposition 5.2, or d = 4 and X is that of Proposition
5.3, or X = P1 × P1 × P1 and L = π∗1(O(1)) + π
∗
2(O(1)) + π
∗
3(O(1)), where πi,
i = 1, 2, 3 is the projection onto the i-factor. For the rest of the cases d > 4.
Proof. We will follow the notation for the smooth toric Fano 3-folds in [14,
Thm. 1]. If the Picard rank ρ is less or equal to 4, for a suitable basis of the
Picard group the nef cone is generated by the standard Z-basis e1 . . . , eρ. Then,
by Proposition 2.9, the lowest degree is obtained for the value of c3(J1(L)) at
(1, . . . , 1). In all cases except for X = P2 × P1 and X = PP1(O ⊕ O ⊕ O(1)) this
value is greater than zero, representing the minimal degrees shown in Figure 2. In
the case X = P2 × P1 with one-dimensional rays
ΣX = {(1, 0, 0), (0, 1, 0), (−1,−1, 0), (0, 0, 1), (0, 0,−1)},
the Nef cone is generated by D0 and D3. Then the value of c3(J1(L)) for L = aD0+
bD3 is in fact zero when a = 1 so in this case the degree is d = c2(J1(L))L = 3b,
obtaining the lowest value 3 when L = D0 + D3. Similarly, for the case X =
PP1(O⊕ O⊕ O(1)) with one-dimensional rays
ΣX = {(1, 0, 0), (0, 1, 0), (−1,−1, 0), (0, 0, 1), (0, 1,−1)},
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the nef cone is generated by D0 and D3. The value of c3(J1(L)) for L = aD0+ bD3
is again zero when a = 1 so the degree in this cases is d = c2(J1(L))L = 3b + 1.
This time the lowest value is 4 when L = D0 +D3.
Let us discuss in more detail the two smooth toric Fano 3-folds of Picard rank
ρ = 5, since their nef cones are not simplicial. The first case is X ∼= DS6×P
1 where
DS6 denotes the blow-up of P
2 in 3 points. It is defined by the one-dimensional
rays
ΣX = {(1, 0, 0), (1, 0, 1), (0, 0, 1), (−1, 0, 0), (−1, 0,−1), (0, 0,−1), (0, 1, 0), (0,−1, 0)}
Taking PicX =< D0, D1, D2, D3, D7 >, the nef cone in these coordinates is gener-
ated by v1 = (0, 0, 1, 1, 0), v2 = (0, 1, 1, 0, 0), v3 = (1, 1, 1, 0, 0), v4 = (0, 0, 0, 0, 1),
v5 = (1, 1, 0, 0, 0), v6 = (0, 1, 1, 1, 0). By using Proposition 2.9 and applying the
formula of the top Chern class for every point in the set A, the lowest degree is 24
and it is attained at v = (1, 2, 2, 1, 1). This vector is interior to the nef cone, thus
ample, and corresponds to the divisor L = D0 + 2D1 + 2D2 +D3 +D7.
In the second case, X ∼= F 51 is generated by the rays
ΣX = {(1, 0, 0), (1, 0, 1), (0, 0, 1), (−1, 0, 0), (−1, 0,−1), (0, 0,−1), (0, 1, 0), (1,−1, 0)}
Taking Pic =< D0, D1, D2, D3, D7 >, the nef cone in these coordinates is generated
by v1 = (0, 0, 1, 1, 0), v2 = (0, 1, 1, 0, 0), v3 = (1, 1, 1, 0, 1), v4 = (0, 0, 0, 0, 1), v5 =
(1, 1, 0, 0, 1), v6 = (0, 1, 1, 1, 0). Then, using again Proposition 2.9 and applying the
top Chern class formula, the point of the set A which gives this time the lowest
degree is v = (1, 2, 2, 1, 2). As in the previous case, this vector corresponds to an
ample divisor, namely L = D0 + 2D1 + 2D2 + D3 + 2D7, which gives the lowest
degree c3(J1(L)) = 72.
We conclude by showing in Figure 2 the miminal degrees d of the discriminants
of the 18 smooth toric Fano 3-fods for any possible ample line bundle L. We recall
that DS8, DS7 and DS6 are the del Pezzo surfaces corresponding to the blow-up
of 1, 2 and 3 points of P2 respectively. For completeness, we also show in Figure 1
the 5 smooth toric Fano surfaces, where only DS6 has a non-simplicial nef cone.
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